Abstract. Leonetti proved that whenever I is an ideal on N such that there exists an uncountable family of sets that are not in I with the property that the intersection of any two distinct members of that family is in I, then the space c 0,I of sequences in ℓ ∞ that converge to 0 along I is not complemented. We provide a shorter proof of a more general fact that the quotient space ℓ ∞ /c 0,I does not even embed into ℓ ∞ .
Theorem. Suppose that I is an ideal on N with the property that there exists an uncountable family A ⊂ ℘(N) \ I such that A ∩ B ∈ I for distinct A, B ∈ A. Then the space c 0,I is not complemented in ℓ ∞ .
We strengthen the above result by noticing that not only is c 0,I uncomplemented in ℓ ∞ but the quotient space ℓ ∞ /c 0,I does not embed into ℓ ∞ . We have then the following result.
Theorem A. Suppose that I is an ideal on N with the property that there exists an uncountable family A ⊂ ℘(N) \ I such that A ∩ B ∈ I for distinct A, B ∈ A. Then ℓ ∞ /c 0,I is not isomorphic to a subspace of ℓ ∞ . In particular, c 0,I is not complemented in ℓ ∞ .
A closed subspace E of a Banach space X is complemented whenever there exists a closed subspace F of X such that X = E ⊕ F ; this, in turn, is equivalent to the existence of a bounded linear map T : X/E → X such that the composite map T π is the identity map when restricted to E; here π : X → X/E denotes the canonical quotient map.
Let Γ be a set. A family I of subsets of Γ is an ideal on Γ, when it is closed under finite unions and B ∈ I, whenever B ⊆ A and A ∈ I. Let I be an ideal on the set of natural numbers. A sequence (x n ) ∞ n=1 in a metric space (X, d) converges to x ∈ X along I, whenever for every ε > 0 there is A ∈ I such that for every n / ∈ A we have d(x n , x) < ε. For every ideal I, the subspace c 0,I comprising all bounded sequences that converge to 0 along I is a closed ideal of ℓ ∞ , that is a closed subspace which is closed under multiplication by arbitrary elements of ℓ ∞ . There is a standard picture of the space c 0,I as a space of continuous functions on a certain locally compact space that vanish at infinity.
Firstly, let us recall that ℓ ∞ is isometrically isomorphic as an algebra to C(βN), where βN is the Čech-Stone compactification of the integers. Secondly, as βN consists of all ultrafilters on N that is topologised by the base {p ∈ βN : A ∈ p} (A ⊆ N), one can consider the open subspace U I comprising all ultrafilters that extend the filter dual to I. Set K I = βN \ U I . By the Tietze-Uryoshn extension theorem, c 0,I is isometric to C 0 (U I ), the space of scalar-valued continuous functions on U I vanishing at infinity, and ℓ ∞ /c 0,I is isometric to C(K I ).
Proof of Theorem A. Let π : ℓ ∞ → ℓ ∞ /c 0,I be the quotient map. Since c 0,I is an algebraic ideal of ℓ ∞ , π is, in fact, an algebra homomorphism and ℓ ∞ /c 0,I algebraically isomorphic to C(K I ).
For any A ⊆ N let us consider the indicator function 1 A ∈ ℓ ∞ . By the hypothesis,
for any distinct A, B ∈ A, yet π(1 A ) = 0. Consequently, {π(1 A ) : A ∈ A} is a family of pairwise orthogonal non-zero idempotents in C(K I )-that is {0, 1}-valued functionsso it spans an isometric copy of the non-separable space c 0 (A) (as A is uncountable). Consequently, ℓ ∞ /c 0,I cannot embed into ℓ ∞ (and so c 0,I is not complemented in ℓ ∞ ) as it contains c 0 (A). (Indeed, it is a standard fact that c 0 (Γ) does not embed into ℓ ∞ because ℓ * ∞ ∼ = ℓ * * 1 is weak*-separable by Goldstine's theorem, but c 0 (Γ) * is not unless Γ is countable and separability is transferred by quotient maps.) Closing remark. A quick (however unnecessarily high-tech) way of explaining why c 0 is not complemented is ℓ ∞ is by appealing to the Grothendieck property of the latter space (as proved by Grothendieck himself [2] ), while observing that c 0 clearly lacks it and this property is preserved by surjective linear operators. (A Banach space X is Grothendieck whenever every sequence in X * that converges weak* also converges weakly.) It is then natural to ask the following question.
Suppose that I is an ideal as in the statement of Theorem A. Is it true that c 0,I is not a Grothendieck space?
